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We propose a theorem (which was previously a conjecture of the second author), which gives a practical way of
estimating the rate of convergence of Cherno� approximations to a semigroup of operators. Since these semigroups give
the solution to the Cauchy problem for linear evolutionary equations, a method has been obtained to prove that the
so-called rapidly converging Cherno� approximations do indeed have the stated high convergence rate.
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Íàñòîÿùåå ñîîáùåíèå ïîñâÿùåíî C0-ïîëóãðóïïàì îïåðàòîðîâ â áàíàõîâîì ïðîñòðàíñòâå, â
êà÷åñòâå èñòî÷íèêà îïåðåäåëåíèé è ôàêòîâ â ýòîé îáëàñòè ìîæíî èñïîëüçîâàòü, íàïðèìåð, êíèãè
[1, 6]. Íàñ áóäåò èíòåðåñîâàòü ïðèáëèæåíèå (àïïðîêñèìàöèÿ) îïåðàòîðîâ èç ýòèõ ïîëóãðóïï ñ
ïîìîùüþ êîíñòðóêöèé, îñíîâàííûõ íà òåîðåìå ×åðíîâà [5], îáçîð çíà÷èòåëüíîé ÷àñòè ýòîé óæå
äîâîëüíî îáøèðíîé òåìàòèêè ìîæíî íàéòè â ñòàòüå [4]. Áîëåå òîãî, íàñ áóäåò èíòåðåñîâàòü
âîïðîñ î ñêîðîñòè ñõîäèìîñòè òàêèõ àïïðîêñèìàöèé; ýòî î÷åíü ìîëîäàÿ îáëàñòü èññëåäîâàíèé,
ñòðåìèòåëüíî íàáèðàþùàÿ ïîïóëÿðíîñòü [7, 3, 2].

Ïóñòü X � âåùåñòâåííîå èëè êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî, L(X) � ìíîæåñòâî ëè-
íåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ â X. Ïóñòü, êðîìå òîãî, ëèíåéíûé îïåðàòîð A ñ îáëàñòüþ
îïðåäåëåíèÿ D(A) ⊂ X ÿâëÿåòñÿ ãåíåðàòîðîì C0�ïîëóãðóïïû {etA}t>0 ⊂ L(X) ëèíåéíûõ îãðà-
íè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â X.

Ôóíêöèåé ×åðíîâà (ïîðÿäêà 1) äëÿ ïîëóãðóïïû {etA}t>0 ìû íàçûâàåì îïåðàòîðíîçíà÷íóþ
ôóíêöèþ S : [0, T ] → L(X) (ãäå T � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî), óäîâëåòâîðÿþùóþ óñëî-
âèÿì òåîðåìû ×åðíîâà (ñì. [1, 6, 5]). Â ÷àñòíîñòè, ôóíêöèÿ ×åðíîâà äîëæíà ïðè âñåõ x
èç ñóùåñòâåííîé îáëàñòè îïðåäåëåíèÿ îïåðàòîðà A óäîâëåòâîðÿòü óñëîâèþ êàñàíèÿ (ïîðÿäêà
1): G(t)x = x + tAx + o(t) ïðè t → +0. Òåîðåìà ×åðíîâà óòâåðæäàåò, ÷òî ñ ïîìîùüþ èòå-
ðàöèé ôóíêöèè ×åðíîâà ìîæíî àïïðîêñèìèðîâàòü ïîëóãðóïïó {etA}t>0 ñëåäóþùèì îáðàçîì:
limn→∞ ‖etAx− [S(t/n)]nx‖ = 0 äëÿ ëþáûõ t > 0 è x ∈ X.

Ïîä ôóíêöèåé ×åðíîâà (ïîðÿäêà m > 1) äëÿ ïîëóãðóïïû {etA}t>0 ìû ïîíèìàåì îïåðàòîð-
íîçíà÷íóþ ôóíêöèþ S : [0, T ] → L(X), êîòîðàÿ ïðè âñåõ x ∈ D(Am) óäîâëåòâîðÿåò óñëîâèþ
êàñàíèÿ ïîðÿäêà m: G(t)x = x + tAx + . . . + tm/m!Amx + o(tm) ïðè t → +0, à òàêæå åùå íåêî-
òîðûì óñëîâèÿì, êîòîðûå áóäóò âèäíû èç íèæåñëåäóþùåé òåîðåìû. Óñëîâèå êàñàíèÿ ïîðÿäêà
m > 1 áûëî ââåäåíî â íàäåæäå [8], ÷òî ïðè åãî âûïîëíåíèè âåëè÷èíà ‖etAx − [S(t/n)]nx‖ ïðè
n → ∞ áóäåò ñòðåìèòüñÿ ê íóëþ áûñòðåå (õîòÿ áû äëÿ íåêîòîðûõ x). Íàøà îñíîâíàÿ òåîðåìà
ïîêàçûâàåò, ÷òî ýòà íàäåæäà îïðàâäàëàñü:
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Òåîðåìà. Ïóñòü C0-ïîëóãðóïïà (etA)t>0 ñ ãåíåðàòîðîì (A,D(A)) â áàíàõîâîì ïðîñòðàíñòâå
X äëÿ íåêîòîðûõ M1 ≥ 1 è w1 ≥ 0 óäîâëåòâîðÿåò óñëîâèþ ‖etA‖ 6 M1e

w1t äëÿ âñåõ t ∈ [0, T ].
Ïóñòü, êðîìå òîãî, äëÿ îòîáðàæåíèÿ S : [0, T ]→ L(X) ïðè íåêîòîðîì íàòóðàëüíîì m è ëþáûõ
x ∈ D(Am+1) ⊂ X, t ∈ [0, T ] âûïîëíÿåòñÿ íåðàâåíñòâî∥∥∥∥∥S(t)x−

m∑
k=0

tkAkx

k!

∥∥∥∥∥ 6
Cm(t)tm+1

(m+ 1)!
‖Am+1x‖,

ãäå Cm(t) � ïîëîæèòåëüíàÿ êîíñòàíòà ïðè êàæäîì t ∈ (0, T ]. Ïðåäïîëîæèì òàêæå, ÷òî
èìååò ìåñòî õîòÿ áû îäíî èç óñëîâèé à), á):

à) ñóùåñòâóåò w2 ≥ 0, òàêîå ÷òî ‖S(t)‖ ≤ ew2t ïðè âñåõ t ∈ [0, T ];
á) ñóùåñòâóþò w2 ≥ 0 è M2 ≥ 1, òàêèå ÷òî ‖S(t)k‖ ≤ M2e

kw2t ïðè âñåõ t ∈ [0, T ] è íàòó-
ðàëüíûõ k.

Òîãäà:
1) Óñëîâèå à) âëå÷åò óñëîâèå á) ñ M2=1.
2) Ïðèíèìàÿ âî âíèìàíèå 1), ïðè w1 6= w2 äëÿ ëþáûõ t ∈ [0, T ] è íàòóðàëüíûõ n áóäåò

âûïîëíÿòüñÿ îöåíêà

‖S(t/n)nx− etAx‖ 6 M1M2(Cm(t/n) +M1e
w1t/n)‖Am+1x‖ tm+1(ew2t − ew1t)

nm+1(m+ 1)!ew1t/n
.

3) Ïðèíèìàÿ âî âíèìàíèå 1), ïðè w1 = w2 = w äëÿ ëþáûõ t ∈ [0, T ] è íàòóðàëüíûõ n áóäåò
âûïîëíÿòüñÿ îöåíêà

‖S(t/n)nx− etAx‖ ≤ (Cm(t/n) +M1e
wt/n)

M1M2t
m+1ewt

nm(m+ 1)!
‖Am+1x‖.

Ïðèìåð. Ïóñòü ‖etA‖ ≤ et, ‖S(t)‖ ≤ et, S(t)x = x + tAx + 1
2 t

2A2x + o(t2) ïðè t → 0, ïðè÷åì

‖S(t)x−x−tAx− 1
2 t

2A2x‖ ≤ Ct2+ε‖A3x‖ äëÿ íåêîòîðûõ ε ∈ (0, 1] è C > 0 ïðè âñåõ t ∈ [0, 1]. Òîãäà

m = 2, Cm(t) = 6Ctε−1, M1 = M2 = w1 = w2 = 1, è ïóíêò 3) ïðåäñòàâëåííîé âûøå òåîðåìû
óòâåðæäàåò, ÷òî äëÿ ëþáûõ t ∈ [0, 1], x ∈ D(A3) è êàæäîãî íàòóðàëüíîãî n ñïðàâåäëèâà îöåíêà

‖S(t/n)nx− etAx‖ ≤
(
6C
(n
t

)1−ε
+ et/n

)
t3et

6n2
‖A3x‖ = C

t3−εet

n2−ε ‖A
3x‖+ o

(
1

n2−ε

)
ïðè n→∞.
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